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Abstract 



// gravity is a metric field by Einstein, it is a Higgs field. Gravitation theory meets 
spontaneous symmetry breaking when the structure group of the principal linear frame 
bundle LX over a world manifold X*^ is reducible to the connected Lorentz group S0{3, 1). 
The physical underlying reason of this reduction is Dirac fermion matter possessing only 
CN ' exact Lorentz symmetries. The associated Higgs field is a tetrad gravitational field h 

represented by a global section of the quotient E of LX by 5*0(3,1). The feature of 
gravity as a Higgs field issues from the fact that, in the presence of different tetrad fields, 
^ ! there are nonequivalent representations of cotangent vectors to X^ by Dirac's matrices. 

^r^ I It follows that, in gravitation theory, fermion fields must be regarded only in a pair with a 

O ■ certain tetrad field. These pairs constitute the so-called fermion-gravitation complex and 

Q ■ are represented by sections of the composite spinor bundle S ^ T, ^ X^ where values 

^ . of tetrad gravitational fields play the role of coordinate parameters, besides the familiar 

world coordinates. In Part 1 [|14| of the work, geometry of this composite spinor bundle 



has been investigated. This Part is devoted to dynamics of fermion-gravitation complex. 

It is a constraint system to describe which we use the covariant multisymplectic general- 
bX)' ization of the Hamiltonian formalism when canonical momenta correspond to derivatives 

of fields with respect to all world coordinates, not only the time. On the constraint space, 
K> , the canonical momenta of a tetrad gravitational field as a Higgs field are equal to zero, 

Jj I otherwise in the presence of fermion fields. Fermion fields deform the constraint space in 

the gravitation sector that leads to modification of the Einstein equations. 

1 Introduction 

Gravitation theory is theory with spontaneous symmetry breaking established by the 
equivalence principle reformulated in the terms of Klein-Chern geometries of invariants 
1^, ^, 0. It postulates that there exist reference frames with respect to wich Lorentz 
invariants can be defined everywhere on a world manifold X^. This principle has the 
adequate mathematical formulation in terms of fibre bundles. 

Let LX be the principal bundle of linear frames in tangent spaces to X^. The geometric 
equivalence principle requires that its structure group 

GL4 = GL+(4,R) 



is reduced to the connected Lorentz group 

L = S0{3,1)- 

It means that there is given a reduced subbundle L^X of LX whose structure group is 
L. They are atlases of L^X with respect to which Lorentz invariants can be defined. In 
accordance with the well-known theorem, there is the 1:1 correspondence between the 
reduced L subbundles L^X of LX and the tetrad gravitational fields h represented by 
global sections of the Higgs bundle 

S = LX/L -^ X^ (1) 

with standard fibre GL4/L. 

The underlying physical reason of the geometric equivalence principle is Dirac fermion 
matter possesing only exact Lorentz symmetries. 

Let us consider a bundle of complex Clifford algebras Ca^i over X'^. Its subbundles 
are both a spinor bundle Sm — ^ -^^ and the bundle Ym — > X'^ of Minkowski spaces of 
generating elements of Ca^i. There is the bundle morphism 

7 : Fm ® Sm -^ Sm 

which defines representation of elements of Ym by Dirac's 7-matrices on elements of the 
spinor bundle Sm- To describe Dirac fermion fields on a world manifold, one must require 
that the bundle Ym is isomorphic to the cotangent bundle T*X of X^. It takes place if 
Ym is associated with some reduced L subbundle L^X of the linear frame bundle LX. 
Then, there exists the representation 

7^ : T*X ^Sh^Sh 

of cotangent vectors to a world manifold X^ by Dirac's 7-matrices on elements of the 
spinor bundle Sh associated with the lift of L^X to a SL{2, C) principal bundle. Sections 
of Sh describe Dirac fermion fields in the presence of a tetrad gravitational field h. 

The crusial point consists in the fact that, for different tetrad fields h and h', the 
representations jh and 7^4/ fail to be equivalent. It follows that every Dirac fermion field 
must be regarded only in a pair with a certain tetrad gravitational field h. There is the 
1:1 correspondence between these pairs and the sections of the composite bundle 

S ^ S -^ X^ (2) 

where S -^ T, is a. spinor bundle associated with the L principal bundle LX -^ S p, |14|. 

This Part of the work covers dynamics of the fermion-gravitation complex. 

Dynamics of fields represented by sections of a fibred manifold Y ^ X is phrased in 
terms of jet manifolds 0, |^, |^, |TT|. 

Recall that the fc-order jet manifold J^Y of a fibred manifold Y ^ X comprises the 
equivalence classes j^s, x E X, oi sections s of F identified by the {k + 1) terms of their 



Taylor series at x. It is a finite-dimensional manifold. Jet manifolds have been widely 
used in the theory of differential operators. Their application to differential geometry is 
based on the 1:1 correspondence between the connections on a fibred manifold Y ^ X 
and the global sections of the jet bundle J^Y -^ Y. 

In the first order Lagrangian formalism, the jet manifold J^Y plays the role of a finite- 
dimensional configuration space of fields. Given fibred coordinates {x^,y^) of F — > X, it 
is endowed with the adapted coordinates {x''' , y\ y\) where coordinates y\ make the sense 
of values of partial derivatives dxy^x) of field functions y\x). A Lagrangian density on 
J^Y is defined by a form 

L = C{x^,y\y\)u, u = dx-^ A ... Adx"^, n = dimX. 

If a Lagrangian density is degenerate, the corresponding Euler-Lagrange equations are 
underdetermined and need supplementary gauge-type conditions. In gauge theory, they 
are the familiar gauge conditions. In general case, the above-mentioned supplementary 
conditions remain elusive. 

To describe constraint field systems, one can use the covariant multimomentum Ha- 
miltonian formalism where canonical momenta correspond to derivatives of fields with 
respect to all world coordinates, not only the time [I], ^ |TD|, |TT], |T2[. Given a fibred 
manifold Y —^ X, the corresponding multimomentum phase space is the Legendre bundle 

U = AT*X(g)TX^V*Y (3) 

Y Y 

over Y into which the Legendre morphisms L associated with Lagrangian densities L on 
J^Y take their values. This bundle is provided with the fibred coordinates (x'*',y*,p^) 
such that 

{x>^,y\p>^)oL = ix>^,y\7r^), vrf = Sf/:. 

We shall call them the canonical coordinates. The Legendre bundle (|^) carries the gener- 
alized Liouville form 

= -pfdy' A cj ® (9a (4) 

and the multisymplectic form 

n = dpf A dy' A u (g> dx. (5) 

If X = M, they recover respectively the Liouville form and the symplectic form in me- 
chanics. 

The multimomentum Hamiltonian formalism is phrased intrinsically in terms of Hamil- 
tonian connections which play the role similar Hamiltonian vector fields in the symplectic 
geometry. We say that a connection 7 on the fibred Legendre manifold 11 —i> X is a 
Hamiltonian connection if the form 7J Q is closed. Then, a Hamiltonian form iiT on H is 
defined to be an exterior form such that 

dH = -f\n (6) 



for some Hamiltonian connection 7. The key point consists in the fact that every Hamil- 
tonian form admits sphtting 

H = p^dy' Aux- PiT{uj - HrUJ = p^dy' Alux-Huj (7) 

where F is a connection on the fibred manifold Y and 

ux = dx\uj. 

Given the Hamiltonian form H (^, the equality (^) comes to the Hamilton equations 

dxy'ix) = din, (8a) 

dxph^) = -diH (8b) 

for sections r of the fibred Legendre manifold H — > X. 

If a Lagrangian density L is regular, there exists the unique Hamiltonian form H such 
that the first order Euler-Lagrange equations and the Hamilton equations are equivalent, 
otherwise in case of degenerate Lagrangian densities. Given a degenerate Lagrangian 
system when the constraint space is Q = L{J^Y), one must consider a family of different 
Hamiltonian forms H associated with the same Lagrangian density L in order to exaust 
solutions of the Euler-Lagrange equations. 

Lagrangian densities of field models are almost always quadratic and affine in deriva- 
tive coordinates y* . In this case, we have the comprehensive relation between solutions 
of the Euler-Lagrange equations and the Hamilton equations. Given an associated Ha- 
miltonian form H, every solution of the corresponding Hamilton equations which lives on 
the constraint space Q yields a solution of the Euler-Lagrange equations. Conversely, for 
any solution of the Euler-Lagrange equations, there exists the corresponding solution of 
the Hamilton equations for some associated Hamiltonian form. In particular, Hamilton 
equations are separated in the dynamic equations and the above-mentioned gauge-type 
conditions independent of momenta pf. 

It is the multimomentum Hamiltonian formalism which enables one to analyse dynam- 
ics of field systems on composite manifolds, in particular, dynamics of fermion-gravitation 
complex. 

In the gauge gravitation theory, classical gravity is described by pairs {h, Ah) of tetrad 
gravitational fields h and gauge gravitational potentials Ah identified with principal con- 
nections on the reduced L subbundles L^X of the linear frame bundle LX. Every con- 
nection on L^X is extended to a Lorentz connection on LX which however fails to be 
reducible to a principal connection on another reduced subbundle L^ X ii h ^ h'. It 
follows that gauge gravitational potentials also must be regarded in pairs with a certain 
tetrad gravitational field h. Following the general procedure |ll|, |l4l, one can describe 
these pairs {h, Ah) by sections of the composite bundle 

Cl = J^LX/L ^ J^S ^ S ^ X\ (9) 



It is endowed with the local fibred coordinates 

where {x'^ , a^ , a'^^) ^^^ coordinates of the jet bundle J^S. Given a section s of Cl, we 
recover familiar tetrad functions and Lorentz gauge potentials 

« o s){x) = Kix), {k^\ o s){x) = A'^\{x) 

respectively. The corresponding configuration space is the jet manifold J^Cl- 

The total configuration space of the fermion-gravitation complex is the product 

J^Cl X J^S (10) 

where S is the composite spinor bundle (Q) endowed with the coordinates {x'^, a^, y^). 

As a test case, we shall restrict our consideration to the Hilbert-Einstein Lagrangian 
density. Then, on the configuration space (0), the feature of the fermion-gravitation 
complex lies only in the generalization 

of the familiar covariant differential of Dirac fermion fields by means of the composite 
term 

Here, r^_;^ is a connection on the Higgs bundle S and 
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A^". = T^iv''''^ - v''<) (ii: 



where t] denotes the Minkowski metric is the canonical connection on the bundle 

GLi -^ GLi/L. (12) 

As an immediate consequence, the standard gravitational constraints 

P? = (13) 

where p'f' are canonical momenta of tetrad fields are replaced by the relations 

p? + ^^'^'^44]VM = o (14) 

where p\ are canonical momenta of fermion fields. When restricted to the constraint 
space (0), the Hamilton equations ( pE| ) 
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come to the familiar Einstein equations, otherwise on the constraint space ([1^). 

Thus, the goal is modification of the Einstein equations for the total system of fermion 
fields and gravity because of deformation of gravitational constraints. This deformation 
makes also contribution into the energy-momentum conservation law. In the framework 
of the multimomentum Hamiltonian formalism, we have the fundamental identity whose 
restriction to a constraint space can be treated as the energy-momentum conservation law 
| |1 1| | ■ In Part III of the work, percularity of this conservation law in gravitation theory 



will be considered. 

2 Technical preliminary 

Given a fibred manifold Y —^ X, the first order jet manifold J^Y of Y is both the 
fibred manifold J^Y -^ X and the affine bundle J^Y -^ Y modelled on the vector 
bundle T*X ®y VY- The adapted coordinates {x'^,y\y\) of J^Y are compatible with 
these fibrations: 

X ^x {x^), y ^y (x^l/^), ?/ a = (^Z/^ + ^)^p:- 

There is the canonical bundle monomorphism (the contact map) 

\: J^Y^T*X®TY, X = dx^ ® {dx + y\di) . 

Let $ be a fibred morphism oiY -^ X ioY' ^ X over a diffeomorphism of X. Its 
jet prolongation reads 

ffT 

Ji$ : J'Y ^ J'Y', y'^ o ji$ = (9.$^ + d.^'vi)^- 

The jet prolongation of a section s oiY —>■ X is the section y\ o J^s = dxs^ of J^Y —>■ X. 

The repeated jet manifold J^J^Y, by definition, is the first order jet manifold of 

J^Y -^ X. It is provided with the adapted coordinates {x-^, y\ y\, y\n)^y\^- Its subbundle 

J'^Y with i/Kx = y\ is called the sesquiholonomic jet manifold. The second order jet 

manifold J^Y of Y is the subbundle of J F with y\^ = y^^^ 

Given a fibred manifold Y ^ X, a jet field F on F is defined to be a section of the 
jet bundle J^Y ^ Y. A global jet field is a connection on Y. By means of the contact 
map A, every connection F on y can be represented by the tangent- valued form A o F on 
Y. For the sake of simplicity, we denote this form by the same symbol 

T = dx^^{dx + T\di). 

The Legendre manifold 11 (j^) of a fibred manifold Y is the composite manifold 

TTnx = vr o TTjiY : U -^ Y ^ X 



endowed with the fibred coordinates (x'^,y*,p^): 

By J^n is meant the first order jet manifold of 11 — > X. It is provided with the adapted 
fibred coordinates {x^, y\pf, vli^iV^^- 

By a momentum morphism, we call a fibred morphism 

$:n^jiy, {x\y\y\)o^ = {x\y\^\{p)). 

Given a momentum morphism $, its composition with the contact map A is represented 
by the horizontal pullback-valued 1-form 

^ = dx^® {dx + ^\{p)di) (15) 

on n — > X. For instance, let F be a connection on F — > X. Then, F = F o vrny 
is a momentum morphism. Conversely, every momentum morphism $ of the Legendre 
manifold 11 of F defines the associated connection F$ = $oOony— >X where is the 
global zero section of the Legendre bundle li ^fY . 

3 Lagrangian formalism 

Given a Lagrangian density L, one can construct the exterior form 

Al = {y\x) - y\)dn^ Aoo + {d,- dxd^)Cdf A u, (16) 

\ = dx^(E) Bx, dx = dx + y\x)d, + y^.Sf, 

on the repeated jet manifold J^J^Y. Its restriction to the second order jet manifold J^Y 
reproduces the familiar variational Euler-Lagrange operator 

£l = (5. - dxdDCdy' Au, dx = dx + y\d, + y^^d^. (17) 

The restriction of the form (|T^) to the sesquiholonomic jet manifold J Y of Y defines the 
sesquiholonomic extension 

S'^: J^Y -^"a^T*Y (18) 



of the Euler-Lagrange operator ([17|) . It has the form (|T^ with nonsymmetric coordinates 

yU- 

Let s be a section of the fibred jet manifold J^Y -^ X such that its first order jet 
prolongation J^s takes its values into KerS'i^. Then, it satisfies the system of first order 
Euler-Lagrange equations 

dxt = s\, dX - {dx + s{d, + dx%d^)dtC = 0. (19) 

They are equivalent to the familiar second order Euler-Lagrange equations 

d,C - {dx + dxs^d, + dxd,s^d^)dtC = (20) 

for sections s of F — > X. We have s = J^s. 



4 MultimomenturQ Hamiltonian formalism 

Let n be the Legendre manifold (|^) provided with the generahzed Liouville form 9 (^) 
and the multisymplectic form Vt (|5|). 
We say that a connection 

on the Legendre manifold H — i> X is a Hamiltonian connection if the exterior form 

7jfi = dp'^ A dy' A ^A + lixdy' A a; - -i\^)dp^ A uj 

is closed. 

Hamiltonian connections constitute an affine subspace of connections on H — > X. The 
following construction shows that this subspace is not empty. 

Every connection F on y ^ X is lifted to the connection 

^ = f = dx^®[dx + T\{y)d, + {-d,V\{y)pt - K>^.x{x)v) + K\x{x)p^^)d^^] 

on H — > X where K is a, linear symmetric connection on the bundles TX and T*X. We 
have the equality 

V\^ = dif\e) (21) 

which shows that F is a Hamiltonian connection. 

An exterior n-form H on the Legendre manifold H is called a Hamiltonian form if 
there exists a Hamiltonian connection for H satisfying the equation 7J i7 = dH. 

Note that Hamiltonian forms throughout are considered modulo closed forms since 
closed forms do not make any contribution into the Hamilton equations. 

It follows that Hamiltonian forms constitute an affine space modelled on a linear space 
of the exterior horizontal densities H = Tiuj on H ^ X. A glance at the equality (|2T|) 
shows that this affine space is not empty. Given a connection F on a F ^ X, its lift F 
on H — > X is a Hamiltonian connection for the Hamiltonian form 

Hr = f\e = pW a cc^a - P-T\{y)uJ. (22) 

It follows that every Hamiltonian form on the Legendre manifold H can be given by the 
expression (^. 

Moreover, a Hamiltonian form has the canonical splitting (|^) as follows. Every Ha- 
miltonian form H defines the associated momentum morphism 

H:Ii~^J^Y, y{oH = din, 

and the associated connection Th = HoOonY^X. As a consequence, we have the 
canonical splitting 

H = Hr,~ H. (23) 



The Hamilton operator £h for a Hamiltonian form H is defined to be the first order 
differential operator 

8H = dH-n = \{yl) - din)dp^ - {pi + d{H)dy'] A u (24) 

where Vt is the puUback of the multisymplectic form Vt onto J^II. 
For any connection 7 on the Legendre manifold 11, we have 

Sh o 'J = dH — 7J Q. 

It follows that 7 is a Hamiltonian jet field for a Hamiltonian form H if and only if it takes 
its values into Ker Sh, that is, satisfies the algebraic Hamilton equations 

Ix = din, 7.^ = -d.n. (25) 

Let r be a section of the fibred Legendre manifold U ^ X such that its jet prolongation 
J^r takes its values into Ker Sh- Then, the Hamilton equations (^) are brought to the 
first order differential Hamilton equations ( Pa] ) and (|8b[). 

Given a fibred manifold y ^ X, let L be a first order Lagrangian density. We shall 
say that a Hamiltonian form H (^ is associated with a Lagrangian density L ii H satisfies 
the relations 

p^ = dfC{x^,y\d;n),, (26a) 

n - ppin = C{x^',y\ din). (26b) 

In the terminology of constraint theory, we call Q = L{J^Y) the constraint space. 

If a Lagrangian density L is regular, there always exists the unique Hamiltonian form 
associated with L, otherwise in general case. In particular, all Hamiltonian forms H^ (|22|) 
are associated with the Lagrangian density L = 0. 

Contemporary field theories are almost never regular. We shall restrict our considera- 
tion to semiregular Lagrangian densities L when the preimage L~^{p) of any point p & Q 
is a connected submanifold of J^Y. This notion of degeneracy seems most appropriate. 
Lagrangian densities of fields are almost always semiregular. In this case, one can get the 
workable relations between Lagrangian and multimomentum Hamiltonian formalisms. 

(i) A Hamiltonian form associated with a semiregular Lagrangian density L meets the 
condition 

n^y\-C = nix^,y\TT^). 

(ii) Let if be a Hamiltonian form associated with a semiregular Lagrangian density 
L. The Hamilton operator Sh for H satisfies the relation 

Al = Sho J^L. 

(iii) Let a section r of H ^ X be a solution of the Hamilton equations ( pa] ) and ( JHE] ) 
for a Hamiltonian form H associated with a semiregular Lagrangian density L. If r lives 



on the constraint space Q, the section s = if o r of J^Y — > X satisfies the first order 
Euler-Lagrange equations ([19D . Conversely, given a semiregular Lagrangian density L, let 
s be a solution of the first order Euler-Lagrange equations (|19|) . Let if be a Hamiltonian 
form associated with L so that 

HoLos = s. (27) 

Then, the section r = L os oi U ^ X is a solution of the Hamilton equations (pa)) and 
(pEf ) for H. It lives on the constraint space Q. Moreover, for every sections s and r 
satisfying the above-mentioned conditions, we have the relations 

S = J^S, S = TlYlY o r 



where s is a solution of the second order Euler-Lagrange equations (pOl). 

We shall say that a family of Hamiltonian forms H associated with a semiregular 
Lagrangian density L is complete if, for each solution s of the first order Euler-Lagrange 
equations ([T9|) , there exists a solution r of the Hamilton equations (^) and (|8b| ) for some 
Hamiltonian form H from this family so that 



Los, s = H o r, s = J^{ttuy 



o r 



In virtue of assertion (iii), such a complete family exists if and only if, for each solution 
s of the Euler-Lagrange equations for L, there exists a Hamiltonian form H from this 



family so that the condition (]27|) holds. 

In field models where Lagrangian densities are quadratic or affine in velocities, there 
always exist complete families of associated Hamiltonian forms. 

5 Hamiltonian gauge theory 

In the rest of the article, the manifold X is assumed to be oriented. It is provided with a 
nondegenerate fibre metric g^^^, in the tangent bundle of X. We denote g = det{g^^). 

Let P — >^ X be a principal bundle with a structure Lie group G wich acts on P on the 
right by the law 

rg-.P^Pg, geG. 

A principal connection is defined to be a G-equivariant global jet field A on P: 

Aorg = J^Tg o A, g &G. 

There is the 1:1 correspondence between the principal connections A on P and the 
global sections of the bundle C = J^P/G. It is the affine bundle modelled on the vector 
bundle 

C = T*X ® V^P, V^P = VP/G. 

Given a bundle atlas \I^^ of P, the bundle G is provided with the fibred coordinates 
(x^. A;™) so that 

{k^oA){x) = A^{x) 
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are coefficients of the local connection 1-forni of a principal connection A with respect to 
the atlas \1/^. 

The ffist order jet manifold J^C of the bundle C is provided with the adapted coor- 
dinates {x'^, k^, k^x)- There exists the canonical splitting 

j^C = C+(BC- = LPP/G) ©(A T*X ® V^P), (28) 

c c c 

h.rn _ (um , um , „mi,ni,l \ , ( i,m _ um _ ^minil \ 
'^fiX — 2'^ M "•" '^Xii "•" '^nnx'^ii) "•" 2*^ /^A '^Xfi ^nl'^x'^fili 

over C. There are the corresponding canonical surjections: 
(i) S:J^C^ C+. 
(ii) J^ : J^C ^ C_ where 

T — — T^^rl'r^ A rl^f^ (9) p T^ — h^ — h"^ — r^h'^h^ 

J- — -Tx^CLX /\ ax (X) Cm, -^A^ " ^^^A '^A^ ^nl'^X'^iJ.^ 

The Legendre manifold of the bundle C of principal connections reads 

n = A T*X ® TX ^\C X C]*. 
c 

It is provided with the fibred coordinates (x^, k^,p!^) and has the canonical splitting 

n = n+©n_, 

c 

(p^') = ipt'^ = lip'L'+pt']) + ipt'^ = Iip'l'-p'j:])- 

On the configuration space (|28|), the conventional Yang-Mills Lagrangian density Lym 
is given by the expression 

Lym = 4^aL^^V^J-r^-^;,V^.; (29) 

where a'^ is a nondegenerate G-invariant metric in the Lie algebra of G. It is almost 
regular and semiregular. The Legendre morphism associated with the Lagrangian density 
([29| ) takes the form 

p(f ) o Lym = 0, (30a) 

pI^^I o Lym = ^"'aL^'-^'^^-^^/sV^- (30b) 

Let us consider connections on the bundle C of principal connections which take their 
values into Ker Ly^: 

Q ■ r* ^ r* qm _ cm _ ^rnunU _ n (ni\ 

•J ■ '-^ ^ '^ + , 'J^A ^Xfi '^nl'^X'^ti — U- [Oi) 
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For all these connections, the Hamiltonian forms 

H = p^^dk^ A ^, - p^^5- a; - Hymuj, (32) 



~ p2 

rlYM — ^"G yiJ.uyXf3Pm Pn \ 9 \ ; 



are associated with the Lagrangian density Lym and constitute the complete family. 
Moreover, we can minimize this complete family if we restrict our consideration to connec- 



tions (0) of the following type. Given a symmetric linear connection K on the cotangent 
bundle T*X of X, every principal connection i? on P is lifted to the connection Sb ( PT| ) 
such that 

SboB = So J^B, 

Sb'^x = llCkxK + d,B^ + d^B^ - C{k;B[ + k-,Bl)] - K^,,{BJ - kj). (33) 



We denote the Hamiltonian form (|3^) for the connections Sb (0) by Hb- 
The corresponding Hamilton equations for sections r of H ^ X read 

dxp'J: = -cLfc[.p^l + CiBlp^r^ - K\,£'^^ , (34) 

dxk;: + d,kT = 2SbT,x) (35) 



plus Eqs.( pObl) . The equations ( pOb|) and (p^ restricted to the constraint space (|30a|) are 



the familiar Yang-Mills equations for A = nuc ° i^- Different Hamiltonian forms Hb lead 
to different Eqs. ( ^5]) which play the role of the gauge-type condition. 

6 Hamiltonian Dirac equations 

As a test case let us consider Dirac fermion fields in the presence of a background tetrad 
field h. Recall that they are represented by global sections of the spinor bundle Sh 
associated with the L,-lift of the reduced Lorentz subbundle L^X of the linear frame 



bundle LX |jT^. Their Lagrangian density is defined on the configuration space J^{Sh(BSl 



h) 



provided with the adapted coordinates 

It reads 

Ld = {ilvlil'in^iy^ - A%,y^) - {y\^ - A+^^,y+)(7V)^l/^] 

-my+(7°)^Bl/^}/i-^u;, (36) 

7^ = /^:^(x)7^ /i = det(/i;^). 



where 



A^B^. = lA-\.ix)Iab''B 
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is a principal connection on the principal spinor bundle Ph- 

The Legendre bundle Uh over the spinor bundle Sh © S^ is provided with the canonical 
coordinates 

Relative to these coordinates, the Legendre morphism associated with the Lagrangian 
density ( P^D is written 

pf = 7rf = -^(7V)V^/^-^ (37) 

It defines the constraint subspace of the Legendre bundle Ilh- Given a soldering form 

S = S^Bt.{x)y'^dx^ ® Oa 

on the bundle Sh, let us consider the connection A + S on Sh- The corresponding Hamil- 
tonian forms associated with the Lagrangian density (|36|) read 

Hs = {pldy^ + p'fdyX) Au,- Hsuj, (38) 

Hs = P^AA^B.y'' + yjA+^A^^ + my\{^XBy''h-^ + 
{p^A - OS^.y"" + yj5+^,(pf - Trf ). 

The corresponding Hamilton equations for a section r of the fibred Legendre manifold 
U —>■ X take the form 

a^y+ = ?/+(A+% + 5+V), (39a) 

J _ 

Afi 



d^A = -p'bA^a, - {p'b - OS"" 



{myUlTA + lytS^''c,il'rfA)h--' (39b) 



plus the equations for the components y^ and p+ . The equation ( |39a| ) and the similar 
equation for y^ imply that y is an integral section for the connection A + S on the spinor 



bundle Sh- It follows that the Hamiltonian forms ( pq) constitute the complete family. 
On the constraint space (|37D, Eq. (|39b| ) reads 



d.rr^A = -<A%, - {myUlYA + \ytS+^c,{l'rf A)h-\ (40) 

Substituting Eg. (|39a|) into Eq.(|40|), we obtain the familiar Dirac equation in the presence 
of a tetrad gravitational field h- 
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7 Hamiltonian systems on composite manifolds 

In this Section, by Y throughout is meant a composite manifold 

TT := TT^X O TTys '■ Y -^ T, -^ X (41) 

provided with the fibred coordinates {x^ , a"^ , y'^) where {x'^,a"^) are fibred coordinates of 
the fibred manifold S ^ X. We further suppose that the fibred manifold 

Fs := F ^ S 

is a bundle. 

Given the composite manifold (PD, let J^S, J^Y-^ and J^Y be the first order jet 
manifolds of E — >■ X, F — > S and F — i> X respectively which are endowed with the 
corresponding adapted coordinates: 

{x\a'-,y\y'„yl), 
{x\a"^,y\a^,yl). 



Recall the following assertions |11, 14 



(i) Given a global section h of the fibred manifold S — > X, the restriction 

Yh = h*Yj, (42) 

of the bundle Y-^ to h{X) is a fibred imbedded submanifold of the fibred manifold Y ^ X. 

(ii) There is the 1:1 correspondence between the global sections Sh of Yh and the global 
sections of the composite manifold Y which cover the section h. 

(iii) There exists the canonical surjection 

p:J^T,x J^Yj: -^ J% (43) 

yi°p = y>T + y\- 

Let 

As = dx"^ ® {dx + A\d,) + da™ ® {d^ + A'^d;) (44) 

be a connection on the bundle F -^ S and 

v = dx^® {dx + r^a^) 

a connection on the fibred manifold S — >^ X. Building on the morphism (^31) , one can 
construct the composite connection 

A = dx^® [9a + V^d^ + (A^r™ + A\)d.^ (45) 
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on the composite manifold Y. It possesses the following property. 

Let h be an integral section of the connection F on S — > X, that is, 

In this case, the composite connection (^) on Y is reducible to the connection 

A, = dx^ ® [d^ + {A'^dxh"' + {A o h)\)d,] (46) 



on the fibred submanifold Y^ (^21) of F — > X. 

Given a composite manifold Y (^), every connection ( PD on the bundle Y^ deter- 
mines: 



the horizontal splitting 



VY = VYj:®{Y^V1:), (47) 



of the vertical tangent bundle VY oiY ^ X\ 
• the dual horizontal splitting 

V*Y = V*Y^ ®(Y X 1/*S), (48) 

Y S 

?/id?/* + amda"" = yi(dy' - Alja"") + (d^ + Ai^yi)da"', 
of the vertical cotangent bundle V*Y of F ^ X. 

It is readily observed that the splitting ( ^7]) is uniquely characterized by the form 

uAAs = ujAdcr'^®{dm + Al^d,). (49) 

Building on the horizontal splitting (0), one can constract the following first order 
differential operator on the composite manifold Y: 

D = pt.oDa: J^Y -^ T*X ®VY -^ T*X ® VYj^, 

Y Y 

D = dx'0 [yl - Al - Al^iaT - TTM = 

dx'0{yl~A^,-Ala^^)d,, (50) 

where Da is the covariant differential relative to the composite connection A which is 
composition of Aj^ and some connection F on S — ;> X. We shall call D the vertical 
covariant differential. 

Let h be an integral section of the connection F and Y^ the portion of Yj^ over h{X). 
It is readily observed that the vertical covariant differential (|50|) restricted to J^Y^ C J^Y 
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comes to the familiar covariant differential for the connection Ah ( ^61) on the portion 

Thus, it is the vertical covariant differential (^) that we may utilize in order to 
construct a Lagrangian density 



riv A 



n 



L: rY^T*X^VYj:-^ AT*X (51) 

Y 

for fields on a composite manifold. It should be noted that such a Lagrangian density is 
never regular because of the constraint conditions 

Therefore, the multimomentum Hamiltonian formalism must be applied. 

The major feature of Hamiltonian systems on a composite manifold Y lies in the 
following. The horizontal splitting (|48| ) yields immediately the corresponding splitting of 
the Legendre bundle 11 over the composite manifold Y . As a consequence, the Hamilton 
equations ( pa]) for sections h of the fibred manifold S — > X reduce to the gauge-type 
conditions independent of momenta. Thereby, these sections play the role of parameter 
fields. 

Let y be a composite manifold (|41|). The Legendre bundle H over Y is endowed with 
the canonical coordinates 



Let Ay, be a connection ( PD on the bundle F — > S. With a connection A^, the splitting 



H = Ar*X®TX®[V*FE©(Fx V*S)] (52) 

Y Y y s 



of the Legendre bundle H is performed as an immediate consequence of the splitting (^8]). 
We call this the horizontal splitting of H. Given the horizontal splitting (|52|), the Legendre 
bundle H is provided with the coordinates 

Pm= Pm~^ ^mPi (53) 

which are compatible with this splitting. 

Let hhe a. global section of the fibred manifold H ^ X. Given the horizontal splitting 
([5^), the submanifold 

{a = h{x),pi = 0} (54) 

of the Legendre bundle H over Y is isomorphic to the Legendre bundle Uh over the portion 

Yh m of >E. 



Let the composite manifold Y be provided with the composite connection (|45|) deter 



mined by connections A^, on F — > S and F on S ^ X. Relative to the coordinates ( |55D 
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compatible with the horizontal splitting (|5^), every Hamiltonian form on the Legendre 
bundle 11 over Y can be given by the expression 

[p,^4 + pir™ + n{x'^, a-, y\ r^, pf)P (55) 



where 



T^A /li I r^X -pm „A Ai i „A -pm 



The corresponding Hamilton equations are 

dxpf = -P^mi + d,Ai{T^ + d^H)] - dM, (56a) 

d,f = i\ + AliT^ + d^H) + d\n,^ ^ (56b) 

dxpi = -pf[dmA\ + dmAl^iTl + din)] - p^d^V^ - dmU, (56c) 

d^a"" = r^ + dl^n (56d) 

and plus constraint conditions. 

Let the Hamiltonian form ( p5D be associated with a Lagrangian density (^) which 
contains the velocities a™" only inside the vertical covariant differential (^Ol). Then, the 

Hamiltonian density Tiuj appears independent of the momenta pf^ and the Lagrangian 
constraints read 

P'^ = 0. (57) 

In this case, Eg. (|56d| ) comes to the gauge-type condition 



dxa^ = r- (58) 

independent of momenta. 

Let us consider now a Hamiltonian system in the presence of a background parameter 
field h{x). Substituting Eg. ( |56d| ) into Egs. (|56a| ) - ( [56 b| ) and restricting them to the 
submanifold (|5^), we obtain the eguations 



dxpf = -pp^[iA o h)i + Aidxh"'] - d,n, 

dxy' = {A o h)\ + A^dxh"' + din (59) 

for sections of the Legendre manifold U^ ^ X oi the bundle Y^ endowed with the connec- 
tion (^). Eguations (|59D are the Hamilton eguations corresponding to the Hamiltonian 
form 

H, = pfdy' Ac.,- [pfA^:, + nix'', h"^{x),y\pirm = 0)]^ 

on H/i which is induced by the Hamiltonian form ( ^51) on H. 



17 



8 Fermion-gravitation complex 

At first, we consider gravity without matter. 

In the gauge gravitation theory, dynamic gravitational variables are pairs of tetrad 
gravitational fields h and gauge gravitational potentials Ah identified with principal con- 
nections on Ph. Following general procedure, one can describe these pairs (/i. Ah) by 
sections of the bundle (y). The corresponding configuration space is the jet manifold 
J^Cl of Cl. The Legendre bundle 

n = A T*X* ® TX^ ® V*Cl. (60) 

Cl Cl 

over Cl plays the role of a phase space of the gauge gravitation theory. 
The bundle Cl is endowed with the local fibred coordinates 



where 

are coordinates of the jet bundle J^S. The jet manifold J^Ck of Ck is provided with the 
corresponding adapted coordinates 

The associated coordinates of the Legendre manifold (|60D are 

where {x^, CTa^p'x^) are coordinates of the Legendre manifold of the bundle S. 

For the sake of simplicity, we here consider the Hilbert-Einstein Lagrangian density of 
classical gravity 

Lhe = -^^^'^Va^^.V-i.;, (q1) 

2k 

a = detK). 
The corresponding Legendre morphism Lhe is given by the coordinate expressions 

Pa6'"^l=7r„6f^^l = — aW- (62a) 

Pab^''^ = 0, pT = 0, pr = 0, (62b) 

We construct the complete family of multimomentum Hamiltonian forms associated 



with the afiine Lagrangian density (61). Let i^ be a world connection associated with a 
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principal connection B on the linear frame bundle LX. To minimize the complete family, 
we consider the following connections on the bundle Ck'- 



T^'x, = hk^xk"'^ - k\^k'^\ + dxB''\ + d^B'^ 



A 



-B\..,k''\ - BK.y.k'^',, - B\„k'\ - B^xk'' 



7 ab j^v r>ab r>ab 

A^fc i/ — A (A/^)-D ,^ — -it X/i, 



where R is the curvature of the connection B. 

The complete family of multimomentum Hamiltonian forms associated with the La- 
grangian density (^I]) consists of the forms given by the coordinate expressions 



Hhe = {Pab^^dk'^'x + pTdal + pT^dal) Alu^- Hheuj, 

uhe = {Pab''T^\, + prr.\ + pr^i,) + 
\R^\ipj^^^-..b^n. 

The Hamilton equations corresponding to such a multimomentum Hamiltonian form 
read 

^"^Va = R'^'^x. (63a) 

d,k-\ + dxk''\ = 2V^\^x), (63b) 

dA = ^a,, (63c) 

d^au = ^l,, (63d) 

9.Pa^'' - -^^ (63e) 

d.PT = -^, (63f) 

plus the equations which are reduced to the trivial identities on the constraint space 



The equations ( |63a| ) - (|63d| ) make the sense of gauge-type conditions. The equation ( |63d|) 



has the solution 

The gauge-type condition (|63bD has the solution 

k{x) = B. 



19 



It follows that the forms Hue really constitute the complete family of multimomentum 
Hamiltonian forms associated with the Hilbert-Enstein Lagrangian density (|6lD. 



On the constraint space, Eqs.( |63e| ) and ( |631| ) are brought to the form 

9^7r,/^ = 2k\^'Kab'^ + vTa^^^r^^, (64a) 

R'^^.dl'Kj^ = 0. (64b) 

The equation (|64aD shows that k{x) is the Levi-Civita connection for the tetrad field h{x). 



Substitution of Eqs.( |63a| ) into Eqs.( |64b|) , leads to the familiar Einstein equations. 

Turn now to the fermion matter. Given the L^-principal lift Ps of LX-^, let us consider 
the composite spinor bundle 

S := vrsx o TTss : (^e x V)/L, ^ S -> X^ (65) 

where 

is the spinor bundle associated with the Lg principal bundle Ps- It is readily observed 
that, given a global section h of the Higgs bundle E -^ X^, the restriction S ^ T, to 
h{X^) consists with the spinor bundle Sh whose sections describe Dirac fermion fields in 
the presence of the background tetrad field h. 

Let us provide the principal bundle LX with a holonomic atlas {U^,ipT} and the 
principal bundles Ps and LX-^ with associated atlases {U^,z^} and 

respectively. Relative to these atlases, the composite spinor bundle (|65|) is endowed with 
the fibred coordinates 

where {x^, a^) are fibred coordinates of the Higgs bundle S — > X which is coordinatized 
by matrix components a'^ of the group elements 

GU 3 i^J o z,){a) : R^ ^ R^ a G U,, 7rsx(a) G U^- 

Given a section /i of S — * X^, we have 

zf(x) = {z,oh){x), 
{aloh){x)=hl{x), 

h{x) eUe, X e U^, 

where h^{x) are the tetrad functions. 

The jet manifolds J^S, J^S^ and J^S of the bundles E, S-s and S respectively are 
provided with the adapted coordinates 
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Let us consider the bundle of Minkowski spaces 

{LX X M)/L -^ S 

associated with the L-principal bundle LX^,. It is isomorphic to the pullback S x T*X 
which we denote by the same symbol T*X. We have the bundle morphism 

7e : T*X I ^s = (Pe X (M ® r))/L, ^ (P^ x ^{M ® V))/Ls = ^s, (66) 

dx^ = 7s(rfx^) = a^7^ 

where dx^ is the basis for the fibre of T*X over a G S. Owing to the canonical vertical 
splitting 

VS^ = 5s X S^, 

s 

the morphism (|66D implies the corresponding morphism 

7s:T*X®\/5s^l^5s. (67) 

To construct a connection on the composite spinor bundle (p3|), let us consider a 



connection on the composite bundle 

LX -> S ^ X^ (6^ 

Given a principal connection 

on LX — i> E and a connection r|^ on S, let 



be the composite connection ( ]45| ) on (|68D. We require that, given a tetrad gravitational 
field h, its reduction ( ^Uj) 

Ah''', = I'^V + 9^/^,^'^'^ 

consists with the Levi-Civita connection. Then, it is readily observed that A"''^ must be 
given by the relation (|TT|) and 

A''", = \K\y^{,^^al - 7^^'al) (69) 

where K is some symmetric connection on TX. Then, the associated connection on the 
spinor bundle 5* — ;► S reads 

As = dx^ ® {dx + \A''\lab'' AV^dB) + da'^ ® {d^ + ]^A'^%U'' aV^Ob). 
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It determines the canonical horizontal splitting (47) of the vertical tangent bundle VS-^ 
given by the form (^9[) 

Lu A (g)[d';: + A'^^^Ob]. 

The total configuration space of the fermion-gravitation complex is the product 

On this configuration space, the Lagrangian density Lpc of the fermion-gravitation com- 
plex is the sum of the Hilbert-Einstein Lagrangian density Lhe (0) and the modification 
Lijr of the Lagrangian density (BBI) of fermion fields: 



where 

1 = <7 • 
The total phase space 11 of the fermion-gravitation complex is coordinatized by 



and admits the corresponding splitting (|5^. The Legendre morphism associated with the 
Lagrangian density Lpc defines the constraint subspace of 11 given by the relations (^^ , 
and conditions 

Pab^^"^ = 0, 

pT = 0, 

]^p^^A'^'lh,^cy'' + \ptA'''litb''Ayi + Pl' = 0. (70) 

Hamiltonian forms associated with the Lagrangian density Lpc are the sum of the 
Hamiltonian forms Hhe and Hs (0) where 

A^B, = h^'^Iat'^By''. (71) 

The corresponding Hamilton equations for spinor fields consist with Eqs. (|39a|) and ( |39b|) 
where A is given by the expression ([71|). The Hamilton equations ( |63a| ) - ( |63d|) remain 
true. The Hamilton equations ( |63e|) and (|63fl) contain additional matter sources. On the 
constraint space 

pT = 

the modified equations ( |631|) would come to the familiar Einstein equations 
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where T denotes the energy-momentum tensor of fermion fields, otherwise on the con- 
straint space (iTOl) . In that latter case, we have 

Dxpf = G; + T; (72) 

where D^ denotes the covariant derivative with respect to the Levi-Civita connection 



which acts on the indices ^. Substitution of ([70|) into (^) leads to the modified Einstein 



equations for the total system of fermion fields and gravity: 
where J is the spin current of the fermion fields. 
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